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Abstract Some traces of a specific Lorentz symmetry breaking scenario in the ground state of the Hydrogen
atom are investigated. It is used standard Rayleigh-Schro¨dinger perturbation theory in order to obtain the
corrections to the the ground state energy and wave function. It is shown that an induced four-pole moment
arises, due to the Lorentz symmetry breaking. The model considered is the one studied in reference [4],
where the Lorentz symmetry is broken in the electromagnetic sector.
PACS. XX.XX.XX No PACS code given
1 Introduction
The Lorentz symmetry breaking is a subject which has
been considered in many of contexts nowadays, mainly in
what concerns the topics related to the so called Stan-
dard Model Extended (SME) [1,2]. Among them, it high-
lights the Lorentz-symmetry breaking signs in atomic and
molecular physics. There are two main reasons that mo-
tivate this kind of study, namely: the search for physical
situations where the Lorentz symmetry breaking could be
evinced in our ordinary world and the search for upper
bounds imposed on the Lorentz symmetry breaking pa-
rameters (a complete list of upper bounds for these pa-
rameters can be found in reference [3]).
In this context we can stand out, for instance, the CPT
and Lorentz symmetry breaking signs on the hydrogen
and/or antihydrogen atoms due to modifications in Dirac
equation [5,6,7,8,9,10,11,12,13,14], the SME effects in-
duced in hydrogen molecules [15], non minimal coupling
effects on hydrogen spectrum [16], Hydrogen spectrum in
models with Lorentz symmetry breaking for dimensional-
five models [17], atomic physics in electromagnetic cavities
[18] and maser physics [19], the influence of Chern-Simons-
type term on the hydrogen atom [20] and so on.
Although we can find some literature considering the
hydrogen-like systems in Lorentz-symmetry breaking sce-
narios [21], there are some subjects not yet well explored
for such kind of systems. We can cite, for instance, some ef-
fects induced on the hydrogen-like atoms by Lorentz sym-
metry breaking terms in the electromagnetic sector. These
effects may occur not only in the spectrum of the system,
a e-mail: luizhenriqueunifei@yahoo.com.br
b e-mail: fbarone@unifei.edu.br
but we can also obtain interesting results by turning out
attention for the probability distribution of the wave func-
tions.
In this paper we study the effects of a Lorentz symme-
try breaking scenario on the ground state of the hydrogen
atom. The Lorentz symmetry breaking is taken on the
the gauge sector. That is an important subject due two
main reasons: the hydrogen atom properties can be mea-
sured in the laboratory with high precision and the ground
state of the hydrogen atom is spherically symmetric in a
Lorentz symmetric model. So any anisotropy found in this
state could be an evidence of a possible Lorentz symmetry
breaking and it is important to investigate if, nowadays,
these effects could be measured by spectroscopic methods.
In particular, we consider the model studied in ref-
erence [4] where we have a Lorentz symmetry breaking
scenario parametrized by just one single background vec-
tor and where the Lorentz symmetry is broken only in
the electromagnetic sector. We consider the interaction
energy between two point-like charges, taking the back-
ground vector as a small quantity. In this sense, the inter-
action between two charges can be written as the Coulomb
one added by a small correction. The effects of this cor-
rection induces modifications on the ground state of the
hydrogen atom, investigated in this paper by using stan-
dard Rayleigh-Schro¨dinger perturbation theory.
Our results suggest that the effects in the ground state
of the hydrogen atom are very small and completely out of
reach for any spectroscopic experiment nowadays. That is
an indication that this kind of study is not a profitable way
to search for upper bounds of Lorentz symmetry-breaking
parameters for models where this symmetry is broken only
in the gauge sector. In spite of this, in the theoretical
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point of view, it is an interesting subject once it evinces
the possible effects on the matter of a Lorentz-symmetry
breaking on the gauge sector.
Section (2) of this work is devoted to present some
general aspects of the model we study. Some care must be
taken in redefining the charge of a point particle. In section
(3) we obtain the corrections to the ground state of the
hydrogen atom in lowest order in the background vector.
In section (4) we show that there is an induced four-pole
electric moment on the ground state of the hydrogen atom.
This induced four-pole leads to an interaction between
two hydrogen atoms, studied in section (5). Section (6) is
devoted for our conclusions and final remarks.
2 The model
In the work of reference [4] it is considered the model
described by the Lagrangian density
L = −1
4
FµνF
µν − 1
2γ
(∂µA
µ)2 − 1
2
vµvνFµλF
νλ
+JµAµ , (1)
where Aµ is the vector field, Fµν its corresponding field
strength, Jµ an external source, γ is a gauge fixing param-
eter and vµ is a background dimensionless vector, taken to
be constant and uniform, which accounts for the Lorentz
symmetry breaking. The metric is (+,−,−,−) in a 3 + 1
spacetime.
The model (1) is a special case of the one proposed
in the paper [22] where the electromagnetic field couples
to a four-rank background tensor kF . If this tensor is pa-
rameterized by just a single background vector vµ, it is,
(kF )αβστ = 1/2(ηβτvαvσ+ηασvβvτ −ηατvβvσ−ηβσvαvτ ),
we have the model given in (1).
With the results of [4], one can show that the in-
teraction energy between two point-like steady opposite
charges, σ and −σ, is given by
E = −σ
2
4pi
√
1− v2
1 + v2
[
r2 +
(v · r)2
1− v2
]−1/2
, (2)
where r is the distance vector from the positive charge to
the negative one. It is important to mention that vµ must
be a small quantity.
From now on we shall consider only the quadratic cor-
rections in the background vector vµ (the lowest order
ones).
Defining the electric charge
e =
σ√
4pi
, (3)
expanding the energy (2) in lowest order in vµ and taking
a coordinates system where v lies along the z-axis and the
positive charge is placed at the origin, we have
E ≈ −e
2
r
+
e2[2(v0)2 − v2]
2r
+
e2v2 cos2 θ
2r
, (4)
where, θ is the polar angle in spherical coordinates, which
is the angle between the vector r and v. The first term
in (4) is the Coulombian interaction and the second term
is a correction due the presence of the background vector
vµ. In fact, the second term in (4) is the lowest correction,
in powers of vµ, to the Coulomb interaction.
In a quantum level, the interaction between two op-
posite charges for the proposed model is governed by the
Hamiltonian
H = H0 +∆Ha +∆Hb , (5)
where
H0 =
P 2
2µ
− e
2
r
(6)
is the standard Hamiltonian of a Hydrogen atom (with P
standing for the momentum operator and µ, the mass of
the particle [23,24,25]) and
∆Ha =
e2v2 cos2 θ
2r
, ∆Hb =
e2[2(v0)2 − v2]
2r
(7)
are small perturbative stationary corrections, both of the
same order (v2).
We are looking for the most relevant contributions in-
troduced by the Lorentz symmetry breaking term of the
model (1). So we shall use, as the unperturbed problem,
the non-relativistic hydrogen atom. It is justified because
the relativistic contributions are small in comparison with
the non-relativistic ones, and take them into account in
this case would lead to Lorentz symmetry breaking cor-
rections to the fine structure, hyperfine structure and to
the Lamb-shift.
In spite of this, it is important to highlight that the fine
and hyperfine structures and the Lamb-shift are higher
contributions in comparison with the ones imposed by the
Lorentz symmetry breaking terms.
3 Ground state corrections
The eigenvalues and the eigenstates of the unperturbed
Hamiltonian (6) are well known from standard treatment
of the hydrogen atom [23,24,25]. Taking the quantum
numbers as n, l,m (principal, angular and azimuthal, re-
spectively) and defining the Bohr’s radius a0 = ~
2/(µe2)
we have the non-perturbed energy levels
E(0)n =
E
(0)
1
n2
(8)
where we defined the ground energy
E
(0)
1 = −
e2
2a0
. (9)
We shall use standard bra-ket notation, and denote a
non-perturbed arbitrary state by |n, l,m〉 and their corre-
sponding components on the position basis |r〉 by
〈r|n, l,m〉 = Rnl(r)Y ml (θ, φ) , (10)
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with Rnl(r) standing for the radial function of the hydro-
gen atom and Y ml (θ, φ), the spherical harmonics [23].
We shall consider the effects of the correction (7) per-
turbatively. The ground state is non-degenerated, so its
lowest order correction produced by the perturbing hamil-
tonian is given by
E
(1)
1 = 〈1, 0, 0| (∆Ha +∆Hb) |1, 0, 0〉 . (11)
Each contribution in (11) can be calculated by using
Eq. (10) and the definitions (7),
〈1, 0, 0|∆Ha |1, 0, 0〉 = e
2v2
2
∫ ∞
0
dr r R10(r)R10(r)
×
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ cos2 θ [Y 00 (θ, φ)]
∗Y 00 (θ, φ)
〈1, 0, 0|∆Hb |1, 0, 0〉 = e
2[2(v0)2 − v2]
2
×
×
∫ ∞
0
dr r R10(r)R10(r)
×
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ [Y 00 (θ, φ)]
∗Y 00 (θ, φ) . (12)
The above integrals can be performed by using the fact
that
R10(r) = 2a
−3/2
0 exp(−r/a0)
Y 00 (θ, φ) =
1√
4pi∫ ∞
0
dr rn exp(−αr) = n!
αn+1
. (13)
Collecting terms, we have the energy for the ground
state, n = 1, of the hydrogen atom in lowest order in the
background field
E1 = E
(0)
1 + E
(1)
1
= E
(0)
1
(
1− 2
3
[v2 − 3(v0)2]
)
. (14)
It is important to mention that the result (14) is in
perfect agreement with the corresponding one of reference
[21]. In this reference, the parameter κ˜0 (defined just be-
fore Eq. (42)), must be calculated with the parameteriza-
tion that we presented in the paragraph before Eq.(2).
For any measurement, the Lorentz symmetry break-
ing effects must be small and entirely contained in the
experimental error nowadays. The experimental value for
the ground state energy of the hydrogen atom is E
(0)
1(e) =
−13.60569253eV with an error given by δE1(exp) = 3 ×
10−7eV [26]. Overestimating the energy correction in (14),
we can say that it is of the same order of δE1(exp), so
− E(0)1
4
3
v2 ∼= 3× 10−7eV ⇒ |v| ∼= 10−4 . (15)
In spite of the value (15) to be an overestimation, one
can notice that it is a very small quantity. In fact, recent
results [3] stipulate an upper bound smaller than 10−19 for
this kind of Lorentz symmetry breaking parameter, what
makes these effects to be out of reach for any spectroscopic
measurement nowadays.
The meaning of the result (14) is the same one in-
terpreted in the Lorentz invariant case, namely, it is the
ionization energy of the hydrogen atom.
The first correction to the lowest energy eigenstate is
given by [25]
|1, 0, 0〉1 =
∑
n6=1,l,m
〈n, l,m| (∆Ha +∆Hb) |1, 0, 0〉
E
(0)
1 − E(0)n
× |n, l,m〉 . (16)
In the coordinates basis, we have
〈n, l,m|∆Ha |1, 0, 0〉 =
=
e2v2
2
∫ ∞
0
dr rRnl(r)R10(r)
×
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ cos2 θ[Y ml (θ, φ)]
∗Y 00 (θ, φ)
〈n, l,m|∆Hb |1, 0, 0〉 =
=
e2[2(v0)2 − v2]
2
∫ ∞
0
dr rRnl(r)R10(r)
×
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ[Y ml (θ, φ)]
∗Y 00 (θ, φ). (17)
The normalized spherical harmonics can be written as
[27]
Y ml (θ, φ) = (−1)m
√(
2l+ 1
4pi
)
(l −m)!
(l +m)!
×Pml (cos θ) exp(imφ) , (18)
where Pml (cos θ) are the associated Legendre functions
[27]. Substituting (18) in (17) and using the fact that∫ 2pi
0
dφ exp(−imφ) = 2piδm0 (19)
(where δm0 is the Kronecker delta), it is possible rewrite
(17) in the following form
〈n, l,m| (∆Ha +∆Hb) |1, 0, 0〉 =
=
e2
4
δm0
√
2l+ 1
∫ ∞
0
dr rRnl(r)R10(r)
×
∫ pi
0
dθ P 0l (cos θ) sin θ
(
v2 cos2 θ + [2(v0)2 − v2]
)
. (20)
Using the results [27]∫ pi
0
dθPmp (cos θ)P
m
q (cos θ) sin θ =
2δpq
2q + 1
(q +m)!
(q −m)!
cos2 θ =
2
3
P 02 (cos θ) +
1
3
P 00 (cos θ) , 1 = P
0
0 (cos θ), (21)
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we can show that∫ pi
0
dθ P 0l (cos θ) sin θ
(
v2 cos2 θ + [2(v0)2 − v2]
)
=
= v2
(
4
15
δl2 +
2
3
δl0
)
+ [2(v0)2 − v2]2δl0.
(22)
With the aid of (22) and (20), we can rewrite Eq. (16)
in the form
|1, 0, 0〉1 = e
2
3
∑
n6=1
1
E
(0)
1 − E(0)n
×
[
v2√
5
(∫ ∞
0
dr rRn2(r)R10(r)
)
|n, 2, 0〉
+[3(v0)2 − v2]
(∫ ∞
0
dr rRn0(r)R10(r)
)
|n, 0, 0〉
]
.(23)
In order to calculate the radial integrals in (23), we
must use the expansions [27]
Rnl(r) =
[
α3(n− l − 1)!
2n(n+ l)!
]1/2
× exp
(
−αr
2
)
(αr)
l
L2l+1n−l−1 (αr) , (24)
where α = 2/na0 and L
2l+1
n−l−1 (αr) are the associated La-
guerre functions [27], which can be written as a series [27],
Lkq (x) =
q∑
s=0
(−1)s (q + k)!
(q − s)!(k + s)!s!x
s ; k > −1 . (25)
Substituting Eq’s (24) and (25) in the first radial in-
tegral inside brackets in Eq. (23) and using the explicit
form of R10(r), shown in the first Eq. (13), we obtain∫ ∞
0
dr rRn2(r)R10(r) =
16
a0
[(n− 3)!(n+ 2)!]1/2
(n+ 1)4
×
n−3∑
t=0
(−1)t2t
t!(n− 3− t)!(t+ 5)(t+ 4)(n+ 1)t ; n ≥ 3, (26)
where we have used the integral in Eq. (13). Proceeding
in a similar way, we have∫ ∞
0
dr r Rn0(r)R10(r) =
4
a0
[
n−1/2n!
(n+ 1)2
]
×
n−1∑
s=0
(−1)s2s
s!(n− 1− s)!(n+ 1)s ; n ≥ 2 . (27)
Substituting Eq’s (26) and (27) in (23) and using the
fact that 1/E
(0)
1 −E(0)n6=1 = 2a0n2/e2(1−n2) we obtain the
lowest order correction to the ground state energy,
|1, 0, 0〉1 = 8
3
[
4v2√
5
∞∑
n=3
n−3∑
t=0
C1 (n, t) |n, 2, 0〉
+[3(v0)2 − v2]
∞∑
n=2
n−1∑
s=0
C2 (n, s) |n, 0, 0〉
]
, (28)
where
C1 (n, t) =
(−1)t2tn2[(n− 3)!(n+ 2)!]1/2
(n+ 1)4(1− n2)(n+ 1)t
× 1
(t+ 5)(t+ 4)(n− 3− t)!t! ;
C2 (n, s) =
(−1)s2sn3/2n!
(n+ 1)2(1− n2)(n+ 1)s
× 1
(n− 1− s)!s! . (29)
At this time, some points are in order. The series which
involve C1 (n, t) and C2 (n, s) in (28) are convergent. The
non-perturbed ground state is spherically symmetric and
involves only the quantum numbers n = 1, l = 0, m = 0.
The perturbation in the ground state involves the values
n = 2, 3, 4, 5, ... for the principal quantum number, l =
0, 2 for the angular-momentum quantum number and only
m = 0 for the azimuthal quantum number.
In summary, in first order, the ground state is given
by
|v〉 = |1, 0, 0〉+ |1, 0, 0〉1 , (30)
with |1, 0, 0〉1 given by (28).
4 Induced electric dipole and four-pole and
magnetic dipole
In order to investigate the anisotropies, imposed by the
Lorentz symmetry breaking, on the ground state of the
hydrogen atom, let us check if there is an induced dipole
or four-pole moments in this state.
The dipole moment operator is defined by [24] D =
eR, where we have the position operator, R = R1xˆ +
R2yˆ+R3zˆ with R1, R2 and R3 standing for the Cartesian
coordinates operator for x, y and z, respectively. Using
Eq’s (28) and (30) we can write
〈v|D|v〉 = 〈1, 0, 0|eR|1, 0, 0〉
+ 1〈1, 0, 0|eR|1, 0, 0〉+ 〈1, 0, 0|eR|1, 0, 0〉1 +O(v4).(31)
Using the fact that
Y 00 =
1√
4pi
, Y 02 (θ, φ) =
√
5
16pi
(3 cos2 θ − 1)
x = r sin θ cosφ , y = r sin θ sinφ , z = r cos θ (32)
we can show that, up to order v2, the right hand side
of Eq. (31) vanishes. So 〈1, 0, 0|D|1, 0, 0〉 = 0 and there
is no induced dipole moment on the ground state of the
hydrogen atom in order v2.
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The four-pole operator is given by
Qij = e
(
3RiRj −R2δij
)
, (33)
For convenience, we define
|∆2,0〉 = 32
3
√
5
v2
∞∑
n=3
n−3∑
t=0
C1 (n, t) |n, 2, 0〉
|∆0,0〉 = 8
3
[3(v0)2 − v2]
∞∑
n=2
n−1∑
s=0
C2 (n, s) |n, 0, 0〉 , (34)
in such a way to write Eq. (28) in the form
|1, 0, 0〉1 = |∆2,0〉+ |∆0,0〉 . (35)
The expected value of the four-pole components on the
corrected ground state (30) is given by
〈v|Qij |v〉 = 〈1, 0, 0|Qij |1, 0, 0〉
+ 〈1, 0, 0|Qij |∆2,0〉+ 〈1, 0, 0|Qij |∆0,0〉
+ 〈∆2,0|Qij |1, 0, 0〉+ 〈∆0,0|Qij |1, 0, 0〉 , (36)
where we neglected terms in order v4.
Using Eq’s (32), (33), (34) and (35) we can show that
〈1, 0, 0|Qij |1, 0, 0〉 = 〈1, 0, 0|Qij |∆0,0〉
= 〈∆0,0|Qij |1, 0, 0〉 = 0 , (37)
〈1, 0, 0|Qij |∆2,0〉 = 〈∆2,0|Qij |1, 0, 0〉 = 0 ; i 6= j
(38)
and
〈1, 0, 0|Q33 |∆2,0〉 = 64
15
qv2
×
∞∑
n=3
n−3∑
t=0
C1 (n, t)
(∫ ∞
0
dr r4 R10 (r)Rn2 (r)
)
. (39)
The above integral can be computed following similar
steps we have done to obtain (26),∫ ∞
0
dr r4 R10 (r)Rn2 (r) = 16a0
2[(n− 3)!(n+ 2)!]1/2
n3
(n+ 1)7
n−3∑
w=0
(−1)w2w(w + 6)
w!(n− 3− w)!(n + 1)w ; w ≥ 3 .(40)
For convenience, we define
C3 (n,w) =
(−1)w2w(w + 6)n3[(n− 3)!(n+ 2)!]1/2
(n+ 1)w+7(n− 3− w)!w! .(41)
Substituting (40) in (39) and using (41), we obtain
〈1, 0, 0|Q33 |∆2,0〉 = 1024a0
2
15
ev2
×
∞∑
n=3
(
n−3∑
t=0
C1 (n, t)
)(
n−3∑
w=0
C3 (n,w)
)
. (42)
It is worth mentioning that the sum involving C3 (n,w)
in (42) is convergent, and expression (42) can be calculated
numerically, the result is
〈1, 0, 0|Q33 |∆2,0〉 ∼= 2.83× 10−2ev2a20 (43)
In the same manner, we can show that
〈1, 0, 0|Q11 |∆2,0〉 = 〈1, 0, 0|Q22 |∆2,0〉
= −1
2
〈1, 0, 0|Q33 |∆2,0〉 . (44)
and
〈∆2,0|Q33 |1, 0, 0〉 = 〈1, 0, 0|Q33 |∆2,0〉 ;
〈∆2,0|Q11 |1, 0, 0〉 = 〈1, 0, 0|Q11 |∆2,0〉 ;
〈∆2,0|Q22 |1, 0, 0〉 = 〈1, 0, 0|Q22 |∆2,0〉 . (45)
Substituting (37), (38), (44), (45) in (36) we find that
the matrix which gives the components of expected value
of quadrupole moment operator is given by
〈v|Q |v〉 = −〈1, 0, 0|Q33 |∆2,0〉

 1 0 00 1 0
0 0 −2


= −2, 83× 10−2ev2a20

 1 0 00 1 0
0 0 −2

,(46)
where 〈1, 0, 0|Q33 |∆2,0〉 is given by (42) or, numerically,
by (43).
So, due to the Lorentz symmetry breaking, the ground
state of the hydrogen atom has it spherical symmetry bro-
ken and exhibits an electric four-pole moment.
The four-pole tensor (46) was calculated in a refer-
ence frame where the background vector is constant and
uniform. This statement is valid only for a given inertial
frame, what is not the case of a laboratory on Earth. To
put these results in an experimental context, one would
calculate this four-pole tensor in the laboratory frame,
taking into account the fact that the background vector
rotates with respect to the laboratory frame as a function
of time [8]. It would produce a rotation of the induced
four-pole calculated above. This rotation does not modify
the magnitude of the four-pole tensor whose effects are
very small.
The magnetic dipole operator is given
M =
1
2
e
me
L (47)
where L is the orbital angular momentum and me is the
mass of the electron.
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Following the same arguments, we can show that the
induced magnetic dipole on the atom is given by
〈v|M|v〉 = 1
2
e
me
(
〈1, 0, 0|L|1, 0, 0〉+
+ 1〈1, 0, 0|L|1, 0, 0〉+ 〈1, 0, 0|L|1, 0, 0〉1
)
+O(v4). (48)
Using Eq. (28) and the fact that
〈1, 0, 0|L|n, 0, 0〉 = 〈1, 0, 0|L|n, 2, 0〉 = 0 , (49)
we can show that the induced magnetic dipole (48) van-
ishes up to order v4, that is
〈v|M|v〉 ∼= 0 . (50)
5 Atomic interaction
We have seen that the background vector induces an elec-
tric four-pole moment on the hydrogen atom in the ground
state. As an immediate consequence, we have an interac-
tion between two hydrogen atoms when they are in the
ground state.
The interaction between two hydrogen atoms in the
ground state is not a novel phenomenon. It is well known
that they can interact via Van der Waals forces, but in our
case, this interaction is different by two main reasons: it is
a four-pole interaction and is induced by the background
vector, an external agent. The Van der Waals interaction
is a dipole-type interaction induced by the atoms one an-
other.
In this section we study the interaction between two
hydrogen atoms, when they are in the ground state, in-
duced by the Lorentz-symmetry breaking in lowest order
in the background field.
From the expression for the interaction energy between
two electric four-poles, we would obtain an energy in order
v4, that is of superior order in the background vector.
So we must investigate how the energy of each atom is
modified by the electric field produced by the other atom.
Let us consider two atomic nuclei placed a distance r
apart, in a coordinate system with the first nucleus placed
at the origin and the second one placed at position r. For
the second atom, the position of the electron is taken as
r+R, so it is placed a distance R apart from its nucleus.
We shall restrict ourselves to the case where the distance
between the atoms is much higher than the atomic nuclei.
This condition is attained by the restriction R2 << r2.
We shall calculate the energy shift of the second atom
due to the electric four-pole induced in the first atom
∆EQ(2). By symmetry, it is equal to the energy shift in-
duced in the first atom by the electric four-pole induced
in the second atom. So, the total shift in the energy of the
whole system is ∆EQ = 2∆EQ(2).
The Hamiltonian of the electron in the second atom is
composed by the non-perturbed hydrogen one (6), a cor-
rection like the one in (7) and a four-pole term produced
by the first atom, all of them written as functions ofR. We
have also the terms which accounts for the interaction be-
tween the electron and the nucleus of the first atom with
the electron and the nucleus of the second atom. These
last terms lead to the Van der Waals interactions, which
are well known in the literature. In this paper we shall fo-
cus only in the corrections due to the Lorentz symmetry
breaking. The contributions which come from (6) and the
correction (7) where taken into account in the previous
sections.
So, let us consider the four-pole contribution [28]
∆HQ(2) =
e
2|R+ r|5
3∑
i,j=1
(R+ r)i (R+ r)j Qij
− e
2|r|5
3∑
i,j=1
rirjQij
=
e
2|R+ r|5
3∑
i,j=1
(Ri + ri) (Rj + rj)Qij
− e
2|r|5
3∑
i,j=1
rirjQij . (51)
In the last line of Eq. (51) we have the interaction
between the four-pole induced in the first atom and the
nucleus of the second atom. In the third line, we have the
interaction between the four-pole of the first atom and the
electron of the second atom.
Using Eq. (46), defining
Q = 〈1, 0, 0|Q33 |∆2,0〉 , (52)
and keeping only the terms up to second order in |R||r| (be-
cause |R||r| << 1), we can write Eq. (51) in the form
∆HQ(2)
∼= −15Qe
4|r|7
{
−1
5
[
|r|2 − 5 (r · zˆ)2
] [
|R|2
+2 (r ·R)
]
+
[
1− 7 (r · zˆ)
2
|r|2
]
(r ·R)2
+
[
−2
5
|r|2 + |R|2 + 2 (r ·R)− 7 (r ·R)
2
|r|2
]
×
[
2 (r · zˆ) (R · zˆ) + (R · zˆ)2
]}
. (53)
Now we use Rayleigh-Schro¨dinger perturbation theory
in first order to write the correction to the energy of the
second atom due to the four-pole Hamiltonian (51)
∆EQ(2) = 〈v|∆HQ(2) |v〉 ∼= 〈1, 0, 0|∆HQ(2) |1, 0, 0〉 , (54)
where, in the second line, we used Eq. (30) and discarded
the contributions which come from |1, 0, 0〉1, once they are
of superior order in the background vector.
Substituting Eq. (53) in (54), using the fact that
〈1, 0, 0| r ·R |1, 0, 0〉 = 〈1, 0, 0| (R · zˆ) |1, 0, 0〉 = 0
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〈1, 0, 0| (r ·R)2 |1, 0, 0〉 = |r|2a20
〈1, 0, 0| |R|2 |1, 0, 0〉 = 3 〈1, 0, 0| (R · zˆ)2 |1, 0, 0〉 = 3a20
〈1, 0, 0| (R · zˆ) (r ·R) |1, 0, 0〉 = (r · zˆ) a20
〈1, 0, 0| |R|2 (R · zˆ)2 |1, 0, 0〉 = 152 a40
〈1, 0, 0| |R|2 (R · zˆ) |1, 0, 0〉 = 0
〈1, 0, 0| (R · zˆ) (r ·R)2 |1, 0, 0〉 = 0
〈1, 0, 0| (R · zˆ)2 (r ·R) |1, 0, 0〉 = 0
〈1, 0, 0| (R · zˆ)2 (r ·R)2 |1, 0, 0〉 =
=
3a40
2
[
|r|2 + 2 (r · zˆ)2
]
, (55)
∆EQ = 2∆EQ(2) and vˆ = zˆ in the coordinates system we
have chosen, we can write the energy shift of the two atoms
system due to the electric four-pole interaction
∆EQ =
45Qea40
2|r|9
[
|r|2 + 7 (r · vˆ)2
]
=
45Qea40
2|r|7
[
1 + 7 cos2(θ)
]
. (56)
From the energy (56) we obtain an interaction force
between the atoms
FQ = −∇ (∆EQ)
=
315Qea40
2|r|9
{[
1− 9 (r · vˆ)
2
|r|2
]
r− 2 (r · vˆ) vˆ
}
=
315Qea40
2|r|8
{[
1− 9 cos2(θ)] rˆ − 2 cos(θ)vˆ} , (57)
and a torque on the two atoms system
τQ = −∂∆E
Q
∂θ
=
315Qea40
2|r|7 sin(2θ) . (58)
The force (57) falls with r8. It exhibits a radial compo-
nent as well as a component along the background vector.
It is interesting to notice that, depending on the angle θ,
the force (57) can be repulsive or attractive. This fact can
be seen if on considers the components of (57) in cylindri-
cal coordinates (ρ = |r| sin θ),
Fρ =
315Qea40
2|r|8 fρ(θ) , Fz =
315Qea40
2|r|8 fz(θ) (59)
where we defined the functions
fρ(θ) =
[
1− 9 cos2(θ)] sin(θ)
fz(θ) = −
[
1 + 9 cos2(θ)
]
cos(θ) , (60)
which control the dependence of the signals of Fρ and Fz
with θ.
In figures (1) and (2) we have, respectively, plots for
fρ and fz. In the intervals θ = [0, arccos(1/3)] and θ =
[pi − arccos(1/3), pi] the function fρ is negative. For θ =
[arccos(1/3), pi− arccos(1/3)], fρ is positive and the force
push the particle away from the z axis. In the interval
θ = [0, pi/2], fz(θ) is negative. For θ = [pi/2, pi], fz(θ) is
positive and the force push the particle away from the xy
plane. When θ = [pi/2, pi − arccos(1/3)], fρ(θ) and fz(θ)
are positive and we have a repulsive force between the
atoms.
Figure 1. Plot for fρ(θ).
Figure 2. Plot for fz(θ).
It is interesting to compare the interaction energy (56)
with the Van der Waals energy between two hydrogen
atoms in the ground state. The non-dispersive Van der
Waals force is, approximately, [24]
FVW ∼= −36e2 a
5
0
|r|7 rˆ . (61)
From (43) and (52), the force (57) can be written as
FQ ∼= 4.45e
2a60v
2
|r|8
{[
1− 9 cos2(θ)] rˆ − 2 cos(θ)vˆ} . (62)
For distances much higher than the Bohr radius, a0,
where the results (62) and (61) are valid, and using the
overestimated value (15) for |v|, one can see that the force
(57) is negligible in comparison with the Van der Waals
force (61).
The torque (58) vanishes when the vector distance be-
tween the atoms, r, is parallel, anti-parallel or perpen-
dicular to the background vector v, namely, when θ =
0, pi, pi/2.
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6 Final Remarks
In this paper we considered the physical effects induced on
the ground state of a hydrogen atom by the presence of a
background field in a Lorentz symmetry breaking scenario.
We considered the model studied in reference [4] in
lowest order in the background field. The model exhibits
a Lorentz symmetry breaking in the gauge sector con-
trolled by a single background vector. We calculated the
energy shift and correction to the wave function for the
ground state of the hydrogen atom. We used standard
non relativistic perturbation theory. We showed that there
is no induced electric and magnetic dipole moments on
the ground state of the hydrogen atom, but there is an
induced four-pole moment, which produces an interac-
tion energy between two hydrogen atoms (both at ground
state) placed at a distance r apart. This interaction en-
ergy leads to an anisotropic force between the atoms, as
well as a torque on the distance vector between the atoms,
r, with respect to the background vector v. We compared
this force with the (the non dispersive) Van der Waals one
and concluded that this last one is always dominating in
the regions where they both are not negligible.
The model we considered is restrict. In a more general
situation one should take into account other contributions
for the the kF tensor as well as contributions of the kAF
tensor, as defined in reference [2]. To put these results
in an experimental context, one would take into account
the rotation of the background vector with respect to the
laboratory frame [5,8]. The effects of this rotation shall
not modify the order of magnitude of the results, that are
completely out of reach for any spectroscopic experiment
nowadays.
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